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Abstract. Conditionals are a core concept in all programming languages. They are also a natural and powerful mechanism for expressing
complex constraints in constraint modelling languages. The behaviour
of conditionals is complicated by undefinedness. In this paper we show
how to most effectively translate conditional constraints for underlying
solvers. We show that the simple translation into implications can be improved, at least in terms of reasoning strength, for both constraint programming and mixed integer programming solvers. Unit testing shows
that the new translations are more efficient, but the benefits are not so
clear on full models where the interaction with other features such as
learning is more complicated.
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Introduction

Conditional expressions are a core part of virtually any programming and modelling language. They provide a way to change behaviour of the program/model
depending on some test. MiniZinc 1.6 [11] and earlier versions provided the conditional expression
if cond then thenexp else elseexp endif

restricted to the case that the expression cond could be evaluated at compile
time to true or false. This is simple to handle, since the MiniZinc compiler can
replace this expression by thenexp if cond = true and elseexp if cond = false.
From MiniZinc 2.0 onwards the expression cond is no longer restricted to be
known at compile time, it can be an expression involving decision variables whose
truth will be determined during the execution of the solver. This extension is
very useful, it makes the expression of many complex constraints much more
natural. For example, the absolute value function can be simply expressed as
function var int: abs(var int: x) = if x >= 0 then x else -x endif;

The MiniZinc compiler must translate these conditional expressions into primitive constraints that are implemented by the solver. For example, Constraint
Programming (CP) solvers may use reification or dedicated constraints for logical connectives [1,8,9] to link the truth of x >= 0 to the result of the function
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being x or -x, whereas for Mixed Integer Programming (MIP) solvers we would
employ techniques such as big-M or indicator constraints (see e.g. [7,10]).
The effective translation of conditional expressions is the focus of this paper. But before we determine how to translate conditional expressions we must
understand their exact meaning, including how they interact with undefinedness.
Undefinedness naturally arises in constraint models through the use of partial
functions like x div y or, much more commonly, out of bounds array lookups
a[i] where i takes a value outside the index set of a. In the remainder of the
paper we will argue for the correct semantics of conditionals with undefinedness
(Sect. 3), and then illustrate in Sect. 4 how to compile conditional constraints to
a form that can be executed by solvers while respecting the correct semantics.
We then show in Sect. 5 how we can improve this translation for constraint programming (CP) and mixed integer programming (MIP), and how we can often
improve models created by non-experts, who use conditionals in a familiar procedural programming style (Sect. 6). Sect. 7 shows how the different translations
compete in terms of solving efficiency, and Sect. 8 concludes the paper.

2

Model Translation

Modern modelling languages like MiniZinc [11], Essence [6], AMPL [4] and
OPL [13] provide highly expressive ways of defining a constraint problem. But
the underlying solvers only solve one form of problem, typically
minimize 𝑜 subject to ∃𝑉.

𝑛
⋀︁

𝑐𝑖

𝑖=1

where 𝑉 is a set of variables and each 𝑐𝑖 is a primitive constraint understood by
the solver. In some solvers the primitive constraints are very limited, e.g. SAT
solvers only consider clauses, and MIP solvers only consider linear constraints.
The MiniZinc compiler translates high level models to models that only contain primitive constraints suitable for a given target solver. Solver-level models
are represented in a language called FlatZinc, in a process called flattening.
FlatZinc is a much richer low level language than used by SAT and MIP, in
order to support all the primitive constraints natively supported by CP solvers.
For this paper we will assume the solver supports the following primitives.
sum(i in S)(a[i]*x[i]) <= a0;
%
sum(i in S)(a[i]*x[i]) = a0;
%
b <-> sum(i in S)(a[i]*x[i]) <= a0;
%
b <-> sum(i in S)(a[i]*x[i]) = a0;
%
y1 = x[y2];
%
b1 <-> y1 = x[y2];
%
[not] b1 \/ [not] b2 \/ ... \/ [not] bn; %
b1 <-> b2;
%

linear inequality
linear equality
reified linear inequality
reified linear equality
element
reified element
clause, [not] is optional
Boolean equality

where x is an integer array, y𝑛 is an integer, a is a fixed integer array, a0 is
a fixed integer, b𝑛 is a Boolean, and S is a fixed integer set. Note that we will
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often write these in slightly different syntactic form, e.g. b <-> y = 0 is a reified
linear equality, and b1 /\ not b2 -> b3 is a clause.3 Most CP solvers directly
support a wide array of global constraints which also appear in FlatZinc. We
shall introduce new global constraints as needed during the paper.
The reader may ask why we need reified versions of primitive constraints.
This arises because in a complex model not all constraints that appear in the
model must hold.
Example 1. Consider the model constraint y <= 0 \/ x = a[y].
Neither y <= 0 nor x = a[y] must hold all the time (one of the two is sufficient).
A correct flattening making use of reified primitive constraints is
constraint b1 \/ b2;
constraint b1 <-> y <= 0;
constraint b2 <-> x = a[y];

⊓
⊔

In a MiniZinc model each expression occurs in a context, which is the nearest
enclosing Boolean expression. The root context is all Boolean expressions that
can be syntactically determined to be true in any solution, that is the context of
a top-level constraint or a top level conjunction. A non-root context is any other
Boolean expression. When flattening a constraint, all total functional expressions
in the constraint can be moved to the root context, while relations or partial
functional expressions must be reified to maintain the meaning of the model.

3

Semantics of Conditionals

Any sufficiently complex modelling language has the ability to express undefined
values, which we will represent as ⊥, for example division by zero or array index
out of bounds. The treatment of undefinedness in modelling languages is complicated. Whereas in a traditional programming language it would be handled
by runtime exception or abort, in a relational language this is not correct, since
the solver will be making decisions that may result in undefinedness. Frisch
and Stuckey [5] considered three different semantics for the treatment of undefinedness in modelling languages: a three-valued Kleene semantics (agreeing
with a usual logical interpretation of undefinedness, but requiring three valued
logic), a two-valued strict semantics (essentially making any undefinedness cause
the model to have no solution), and the two-valued relational semantics (that
agrees with the relational interpretation discussed above). MiniZinc and other
modelling languages such as Essence Prime [12] implement the relational semantics, since it most closely accords with a modeller’s intuition and does not
require introducing three truth values.
The core abstract modelling language introduced in [5] did not consider conditional expressions. There are a few plausible interpretations of the desired
3

Note that we use a simplified FlatZinc syntax, including support for reified element
constraints, to improve readability.
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interaction between conditionals and undefinedness. We invite the reader to consider the simple one-line constraint models given below (each sharing the same
declarations of 𝑥, 𝑦 and 𝑎) and determine what they believe to be the correct
set of solutions for each:
var 0..2: x;
var 0..2: y;
array[1..2] of int:
constraint if y = 0
constraint x = if y
constraint x = if y
constraint y = 0 \/

a = [0,2];
then x = a[3] else x = a[y] endif;
= 0 then a[3] else a[y] endif;
= 0 then a[y] else a[1] endif;
x = if y = 0 then a[3] else a[y] endif;

%%
%%
%%
%%

(1)
(2)
(3)
(4)

The basic rule for the relational semantics is “an undefined value causes the
nearest containing Boolean expression to be false”. That means when we find an
expression with value ⊥ we must propagate this upward through all enclosing
expressions until we reach a Boolean context, where the ⊥ becomes false. For
instance, assume that the index set of a in Example 1 is 1..2, then a[y] is
undefined for y=-1. The nearest containing Boolean context is x = a[y], which
therefore becomes false. The overall disjunction would still be true, since its other
disjunct y<=0 is true. If we consider what this means for conditional expressions,
we can distinguish two cases.
– An undefined result occurs somewhere in the condition cond or it occurs in
the thenexp or elseexp and the type of thenexp and elseexp is Boolean.
– An undefined results occurs in the thenexp or elseexp and their type is not
Boolean.
In the first case, the undefinedness is captured by the subexpressions and the
conditional does not directly deal with undefinedness. In the second case there
are two possible solutions. The eager approach says that the entire conditional
expression takes the value ⊥ if either thenexp or elseexp takes the value ⊥.
The lazy approach says that the conditional expression takes the value ⊥ iff the
cond = true and thenexp =⊥ or cond = false and elseexp = ⊥. Clearly the
lazy approach reduces the effect of undefinedness. We would argue that it also
accords with traditional programming intuitions, since in languages such as C, (
b ? x = y / 0 : x = y;) does not raise an exception unless b is true. Hence in
this paper we propose to adopt the lazy interpretation of the relational semantics
for conditional expressions. Note that this accords with the lazy interpretation of
array lookup which is considered in the original paper on relational semantics [5].
Hence for the examples above we find:
(1) The undefined expression a[3] causes the thenexp to be false requiring the
condition 𝑦 = 0 to be false, leaving solutions 𝑥 = 0∧𝑦 = 1 and 𝑥 = 2∧𝑦 = 2.
(2) The undefined expression a[3] causes the thenexp to be ⊥ requiring the
condition 𝑦 = 0 to be false, or the whole expression evaluates to false leaving
solutions 𝑥 = 0 ∧ 𝑦 = 1 and 𝑥 = 2 ∧ 𝑦 = 2. Note how the lazy approach gives
the identical answers to the “equivalent” expression (1).
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(3) The thenexp a[y] is only of interest when 𝑦 = 0 (and hence if a[y] is ⊥),
so the else case must hold, leaving solutions 𝑥 = 0 ∧ 𝑦 = 1 and 𝑥 = 0 ∧ 𝑦 = 2.
(4) The then case is ⊥ so the second disjunct evaluates to false when 𝑦 = 0,
leaving solutions 𝑥 = 0∧𝑦 = 1, 𝑥 = 2∧𝑦 = 2 and 𝑥 = 0∧𝑦 = 0, 𝑥 = 1∧𝑦 = 0,
𝑥 = 2 ∧ 𝑦 = 0.
MiniZinc supports an extended conditional expression of the form
if c1 then e1 elseif c2 then ... else ek endif

This is semantically equivalent to
if c1 then e1 else if c2 then ... else ek endif ... endif

To simplify presentation, we will assume an alternative syntax that uses two
arrays of size 𝑘: ite([c1,c2,...,true],[e1,e2,...,ek]) The c array are the
conditions, the e array are the results. Note how the last condition 𝑐𝑘 = true for
the else case. The (lazy) relational semantics applied to this expression requires
⋀︀𝑖−1
that the conditional takes the value of expression 𝑒𝑖 iff 𝑐𝑖 ∧ 𝑗=1 ¬𝑐𝑗 holds.
Hence if 𝑒𝑖 is ⊥ then either the 𝑖th condition cannot hold or the nearest enclosing
Boolean context will be false. This is the same semantics as if we treated the
ite as a nested sequence of if then else endif expressions.

4

Translating Conditionals

In this section we examine how to translate the conditional expression ite(c,e)
where c is an array of 𝑘 Boolean expressions with the last one being true, and e
is an array of 𝑘 expressions. We usually introduce a new variable x to hold the
value of this expression, x = ite(c,e).
Boolean Result In its most basic form, a conditional is a Boolean expression,
i.e., x has type par bool or var bool. In this case the semantics can be defined
in terms of simple expressions:4
x = forall (i in 1..k) (c[i] /\ not exists (c[1..i-1]) -> e[i])

If x is true (e.g. if the conditional appears directly as a constraint) this can be
encoded using 𝑘 simple clauses. Because Boolean values can never be ⊥ (they
simply become false) there is no difficulty with undefinedness here.
Non-Boolean Result If the e[i] are not Boolean, a straightforward translation scheme would result in the Boolean expression:
forall (i in 1..k) (c[i] /\ not exists (c[1..i-1]) -> x = e[i])

If none of the expressions e[i] can be ⊥ this is correct. But if case 𝑖 is the
selected case and e[i] is ⊥, then this translation causes the entire model to
have no solution. If the conditional expression occurs at the root context this is
correct, but if it occurs in a non-root context, the desired semantics is that it
enforces that the context is false.
4

We use array slicing notation c[l..u] equivalent to [ c[j] | j in l..u ].
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Example 2. Consider the translation of example (3). Since the expression appears in the root context we can use the simple translation:
constraint
constraint
constraint
constraint
constraint

b1 <-> y = 0;
b2 <-> x = a[y];
b3 <-> x = a[1];
b1 -> b2;
true /\ not b1 -> b3;

%
%
%
%
%

Boolean for condition y = 0
then expression
else expression
then case
else case

The solutions, projecting onto 𝑥 and 𝑦, are 𝑥 = 0 ∧ 𝑦 = 1 and 𝑥 = 0 ∧ 𝑦 = 2
as expected. Note the undefinedness of the expression a[y] is captured by the
reified constraint b2 <-> x = a[y].
⊔
⊓
In order to deal with non-root contexts we introduce an explicit representation of undefinedness by associating with every term t appearing in a non-root
context the Boolean def(t) which records whether it is defined (true) or undefined, i.e. def(t) = false iff t = ⊥. The translation will ensure that if def(t)
= true then t takes its appropriate defined value, and if def(t) = false then
t is free to take some value (which does not affect the satisfiability of other
constraints). We can now define the full semantics of a conditional ite(c,e):
forall(i in 1..k)( def(x)
/\ c[i] /\ not exists(c[1..i-1]) -> x=e[i] )
forall(i in 1..k)( def(e[i]) /\ c[i] /\ not exists(c[1..i-1]) -> def(x) )

Let us look at the two parts of this definition in turn. The first part (line 1)
states that if the overall expression is defined (def(x)), and alternative 𝑖 is
selected, then the expression takes the value of branch 𝑖. Due to the relational
semantics of x=e[i], this also implies that e[i] is defined. The second part
(line 2) states that if the value of the selected branch is defined, then the value
of the overall conditional is defined. Note how if e[i] is ⊥ and the 𝑖th case is
chosen, then the first part will enforce def(x) to be false, and there will be
effectively no usage of the value of e[i].
Example 3. Let us consider the translation of example (4). Here the conditional
expression is not in a root context. The resulting translated form is
constraint
constraint
constraint
constraint
constraint
constraint
constraint
constraint
constraint
constraint
constraint

b1 \/ b2;
% top level disjunction
b1 <-> y = 0;
% Boolean for condition y = 0
b2 <-> def(x);
% second disjunct holds iff x is defined
b3 <-> x = a[3];
% then expression
b4 <-> x = a[y];
% else expression
def(x) /\ b1 -> b3;
% then case
def(a[3]) /\ b1 -> def(x);
def(x) /\ true /\ not b1 -> b4; % else case
def(a[y]) /\ true /\ not b1 -> def(x);
def(a[3]) <-> false;
% definedness of base
def(a[y]) <-> y in 1..2;

The solutions, projecting onto 𝑥 and 𝑦, are 𝑥 = 0 ∧ 𝑦 = 1, 𝑥 = 2 ∧ 𝑦 = 2,
𝑥 = 0 ∧ 𝑦 = 0, 𝑥 = 1 ∧ 𝑦 = 0, and 𝑥 = 2 ∧ 𝑦 = 0 as expected.
⊔
⊓
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Improving the Translation of Conditionals

The direct translation of conditionals explored in the previous section is correct,
but does not necessarily propagate very well. We can create better translations
if we know more about the underlying solver we will be using.
5.1

Element translation

We first restrict ourselves to the case that none of the expressions e can be ⊥. In
this case we can translate x = ite(c,e) as x = e[ arg_max(c) ]. Note that
the arg_max function returns a variable constrained to be the least index which
takes the maximum value. Since c[k] is always true this returns the first condition which is true. Thus this expression first calculates the first case 𝑗 whose
condition holds, and then uses an element constraint to equate x to the appropriate expression in e. Flattening simply yields x = e[j] /\ maximum_arg(c, j)
where maximum_arg is the predicate version of the arg_max function. Note in
the case of the simple conditional if b then e[1] else e[2] endif we can
avoid the use of arg_max and simply use x = e [2 - b]. If b is true we obtain
x = e[1] and otherwise x = e[2].
The advantage of the element translation is that we can get stronger propagation. A solver that has native support for the element constraint can apply a
form of constructive disjunction [14]: it can reason about all of the cases together,
and propagate any common information that all cases (disjuncts) share.
Example 4. Consider the translation of the expression
x = if c1 then a elseif c2 then b else c endif

where variables 𝑎, 𝑏, 𝑐 ∈ {5, 8, 11}. The implication form compiles to
constraint
constraint
constraint
constraint
constraint
constraint

b1 <-> x = a;
c1 -> b1;
b2 <-> x = b;
not c1 /\ c2 -> b2;
b3 <-> x = c;
not c1 /\ not c2 -> b3;

Initially no propagation is possible. But the element translation is
constraint maximum_arg([b1,b2,true],j);
constraint x = [a,b,c][j];

Immediately propagation determines that x can only take values {5, 8, 11}. If
some other constraints then cause the value 5 to be removed from the domains of
𝑎, 𝑏 and 𝑐, the element constraint will also remove it from 𝑥, while the implication
form will not be able to perform this kind of reasoning.
⊔
⊓
We can show that the element translation is domain consistent when using
domain consistent propagators for element and maximum_arg. Hence it is a
strongest possible decomposition, and therefore must propagate at least as much
as the implication decomposition.
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Theorem 1. The element translation of ite is domain consistent assuming domain propagation of the primitives.5
Proof. Consider a propagation of the implication form. If the 𝑖th precondition
holds, then we have that c[i] is true and each of c[k], 𝑘 < 𝑖 is false. In this
case maximum_arg(c,j) will propagate j = i, and the element constraint will
enforce that x = e[i] just as in the implication form. Consider the reverse propagation of the implication form. If x = e[i] cannot hold, and all but one of the
literals in not exists(c[1..i-1]) /\ c[i] is true then propagation will force
the remaining one to false. First consider the case when c[k] 𝑘 < 𝑖 is set true.
Then c[i] is true and each of c[l], 1 ≤ 𝑙 ̸= 𝑘 < 𝑖 is false. Subsequently the
translation enforces that x = e[k]. Now the element propagation sets 𝑗 ̸= 𝑖 because x = e[i] cannot hold. Because c[l] is false for all 1 ≤ 𝑙 ̸= 𝑘 < 𝑖 then
maximum_arg propagates 𝑗 ̸= 𝑙. Because c[i] is true then maximum_arg propagates j <= i. Together this forces j = k, and maximum_arg propagates c[k]
is true. Then the element constraint enforces that x = e[k]. Next consider the
case when c[i] is set false, since each of c[l], 1 ≤ 𝑙 < 𝑖 is false. Now the
element propagation sets 𝑗 ̸= 𝑖 because x = e[i] cannot hold. The maximum_arg
enforces j >= i since all earlier c[l] are false. Together this propagates j > i,
and maximum_arg enforces c[i] is false.
⊔
⊓
In order to take into account definedness we can extend the translation by
using another element constraint to determine the definedness of the result:
x = e [ arg_max(c) ] /\
def(x) = [ def(e[i]) | i in index_set(e) ] [ arg_max(c) ];

Suppose e[i] is undefined, then since def(e[i]) is false the resulting variable
will be unconstrained, which will leave x unconstrained as well.
5.2

Domain consistent decomposition of maximum_arg

Note that the element translation relies on domain consistent propagation for
the element and maximum_arg constraints to enforce domain consistency. Many
CP solvers support domain propagation for element, but not necessarily for
maximum_arg. We can enhance the standard decomposition of maximum_arg so
that it enforces domain consistency.
The new decomposition is shown below. It tests for the special case that one
of the elements in the array is known to be at the upper bound of all elements at
compile time, i.e exists(j in l..u)(lb([x[j]) = ubx). The decomposition
introduces variables d such that d[i] is true iff x[k]=ubx for some k<=i.
predicate maximum_arg(array[int] of var int: x, var int: y) =
let { int: l = min(index_set(x));
5

Proofs of theorems not included in this paper can be found in the extended version
at https://www.minizinc.org/pub/mzn_sconditionals.pdf.
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int: u = max(index_set(x));
int: ubx = ub_array(x);
} in
if exists(j in l..u)(lb(x[j]) = ubx)
% max is known to be ubx
then let { array[l..u] of var bool: d; } in
x[y] = ubx /\
% ith case must be equal to ub
forall(j in l..u)(x[j] = ubx -> y <= j) /\ % lower bound
d[l] = (x[l] = ubx) /\
forall(j in l+1..u)(d[j] <-> (d[j-1] \/ (x[j] = ubx))) /\
forall(j in l..u)(not d[j] -> y >= j+1)
% upper bound
else % otherwise use standard integer decomposition
maximum_arg_int(x, y)
endif;

Theorem 2. The decomposition of maximum_arg above maintains domain consistency in the case where the maximum is known.
Proof. Given domain 𝐷 which is a fixpoint of the propagators of the decomposition, we show that it provides a supporting solution of the maximum_arg
constraint for each value remaining in the domain.
Suppose ubx ∈ 𝐷(𝑥[𝑘]), we construct a solution 𝜃 ∈ 𝐷 of maximum_arg. Let 𝑘 ′
be the least value where ubx ∈ 𝐷(𝑥[𝑘 ′ ]). Such a value always exists. Clearly 𝑘 ≥
𝑘 ′ . We claim that 𝜃 = {𝑖 ↦→ 𝑘 ′ , 𝑥[𝑘] ↦→ ubx , 𝑥[𝑘 ′ ] ↦→ ubx , 𝑥[𝑗] ↦→ min(𝐷(𝑥[𝑗]), 1 ≤
𝑗 ̸= 𝑘 ′ ̸= 𝑘 ≤ 𝑚} is a solution in 𝐷. Suppose 𝑘 ′ ̸∈ 𝐷(𝑖) then since it is the least
index which can take the upper bound we have that 𝑑[𝑗] = false for all 𝑗 < 𝑘 ′ .
Then not d[k’-1] -> i >= k’ propagates that 𝑖 ≥ 𝑘 ′ . But since 𝑖 ̸= 𝑘 ′ we have
that 𝑖 > 𝑘 ′ and hence x[k’] = ubx -> i <= k’ propagates that ubx ̸∈ 𝐷(𝑥[𝑘 ′ ]),
which contradicts our assumption. Hence 𝑘 ′ ∈ 𝐷(𝑖). Now either 𝑘 = 𝑘 ′ or 𝑘 < 𝑘 ′
and in both cases 𝜃 is a solution.
Suppose 𝑑 ∈ 𝐷(𝑥[𝑘]) ̸= ubx . We construct a solution 𝜃 ∈ 𝐷 of maximum_arg.
Let 𝑘 ′ be the least value where ubx ∈ 𝐷(𝑥[𝑘 ′ ]). We claim that 𝜃 = {𝑖 ↦→ 𝑘 ′ , 𝑥[𝑘 ′ ] ↦→
ubx , 𝑥[𝑘] ↦→ 𝑑, 𝑥[𝑗] ↦→ min(𝐷(𝑥[𝑗]), 1 ≤ 𝑗 ̸= 𝑘 ′ ̸= 𝑘 ≤ 𝑚} is a solution in 𝐷.
The argument why 𝑘 ′ ∈ 𝐷(𝑖) is the same above. Hence 𝜃 is a solution of the
constraint.
Suppose 𝑘 ∈ 𝐷(𝑖). We construct a solution 𝜃 ∈ 𝐷 of the constraint where
𝑖 = 𝑘. We claim that 𝜃 = {𝑖 ↦→ 𝑘, 𝑥[𝑘] ↦→ ubx , 𝑥[𝑗] ↦→ min(𝐷[𝑥[𝑗]), 1 ≤ 𝑗 ̸=
𝑘 ≤ 𝑚} is a solution of the constraint in 𝐷. Suppose ubx ̸∈ 𝐷(𝑥[𝑘]) then
x[i] = ubx would propagate 𝑖 ̸= 𝑘, contradicting our assumptions. Suppose
𝜃(𝑥[𝑗]) = ubx , 𝑗 < 𝑘. Then 𝐷(𝑥[𝑗]) = {ubx } since we picked the minimum value
and hence x[j] = ubx -> i <= j would propagate, making 𝑘 > 𝑗 ̸∈ 𝐷(𝑖), again
leading to a contradiction. Hence 𝜃 is a solution of the constraint.
Since every value in the domain 𝐷 is supported by a solution 𝜃 of the constraint in 𝐷, the decomposition enforces domain consistency.
⊔
⊓
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Domain consistent propagator for maximum_arg

Given the key role that maximum_arg plays for translating conditionals it may be
worth building a specialised propagator for the case where it applies: on an array
of Booleans where the maximum is known to be true. The following pseudocode
implements a domain consistent propagator for this case. In a learning solver
each propagation must be explained. The correct explanations are given in the
parentheses following the because statements.
index_of_first_true(𝑥, 𝑦)
ol := lb(𝑦)
for (𝑗 ∈ 1..ol − 1)
propagate ¬𝑥[𝑗] because (𝑦 ≥ ol → ¬𝑥[𝑗])
𝑙 := ub(𝑦) + 1
𝑢 := lb(𝑦)
for (𝑗 ∈ dom(𝑦))
if (𝑙 > ub(𝑦) ∧ ub(𝑥[𝑗]) = true) 𝑙 := 𝑗
if (ub(𝑥[𝑗]) = false) propagate 𝑦 ̸= 𝑗 because (¬𝑥[𝑗] → 𝑦 ̸= 𝑗)
if (lb(𝑥[𝑗]) = true) 𝑢 := 𝑗 ; break
⋀︀
propagate 𝑦 ≥ 𝑙 because (𝑦 ≥ ol ∧ 𝑘∈ol..𝑙−1 𝑦 ̸= 𝑘 → 𝑦 ≥ 𝑙)
propagate 𝑦 ≤ 𝑢 because (𝑥[𝑢] → 𝑦 ≤ 𝑢)
if (lb(𝑦) = ub(𝑦)) propagate 𝑥[lb(𝑦)] because (𝑦 = lb(𝑦) → 𝑥[lb(𝑦)])
for (𝑗 ∈ ol ..lb(𝑦) − 1)
propagate ¬𝑥[𝑗] because (𝑦 ≥ lb(𝑦) → ¬𝑥[𝑗])
The propagation algorithm above first ensures that all indexes lower than
the lower bound of 𝑦 cannot be true. Propagation does nothing if this is already
the case. The propagator iterates through the remaining possible values of 𝑦. It
finds the first element indexed by 𝑦 that might be true and records this as 𝑙. If it
finds index positions 𝑗 where 𝑥[𝑗] is false, it propagates that 𝑦 cannot take these
values. If it finds an index position 𝑗 where 𝑥[𝑗] is true, it records the position as
𝑢 and breaks the loop. Once the loop is exited it sets the new lower bound as 𝑙
and the new upper bound as 𝑢. If the updated lower bound and upper bound of
𝑦 are equal we propagate that 𝑥 at that position must be true. Finally we ensure
that all 𝑥 positions less than the new lower bound of 𝑦 are false. Note that if
𝑙 = ub(𝑦) + 1 at the end of the loop this effectively propagates failure, similarly
if lb(𝑦) = ub(𝑦) and 𝑥[lb(𝑦)] is false, or 𝑥[𝑗], 𝑗 < lb(𝑦) is true.
Theorem 3. The index_of_first_true(𝑥, 𝑦) propagator enforces domain consistency for maximum_arg(𝑥, 𝑦) when the max is known to be true.
⊔
⊓
5.4

Linear translation

When the target solver to be used for conditional constraints is a MIP solver,
the conditional constraints have to be linearised. The implication form of a
conditional constraint is in fact not too difficult to linearise, however it may
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result in a weak linear relaxation. We now discuss how to improve over the
default linearisation of Boolean constraints in MiniZinc.
Example 5. Consider the linearisation of the implication form of the expression:
x = if c1 then 5 elseif c2 then 8 else 11 endif

Assuming the initial bounds on 𝑥 are 0..100, the result is (see [2] for details):
constraint
constraint
constraint
constraint
constraint
constraint
constraint
constraint
constraint

x >= 5*b1;
x <= 5 + 95*(1-b1);
x >= 8*b2;
x <= 8 + 92*(1-b2);
x >= 11*b3;
x <= 11 + 89*(1-b3);
b1 >= c1;
c1 + b2 >= c2;
c1 + c2 + b3 >= 1;

%
%
%
%
%
%
%
%
%

b1 -> x >= 5
b1 -> x <= 5
b2 -> x >= 8
b2 -> x <= 8
b3 -> x >= 11
b3 -> x <= 11
c1 -> b1
not c1 /\ c2 -> b2
.. -> b3

This has a weak linear relaxation, 𝑥 can take any value in the range 0..100.

⊔
⊓

We can do better, at least in the case where all the expressions 𝑒 are fixed,
by translating x = ite(c,e) as follows:
int: k = length(c);
array[1..k] of var 0..1: b;
constraint forall(i in 1..k) (sum(c[1..i-1]) + b[i] >= c[i]);
constraint 1 = sum(b);
% redundant: exactly one case is true
constraint x = sum(i in 1..k)(b[i]*e[i]);

The case selector variables b are the same as in the implication form, but we add
that exactly one of them is 1, and generate x as a linear combination of the cases.
If all elements of the array e are fixed integer expressions then the last constraint
is simply a linear equation. In the case of a conditional with just one condition
we again have a much simpler translation: x = b*e[1] + (1-b)*e[2];
Example 6. The result of translating the expression of Example 5 is
constraint
constraint
constraint
constraint
constraint

b1 >= c1;
c1 + b2 >= c2;
c1 + c2 + b3 >= 1;
b1 + b2 + b3 = 1;
x = b1 * 5 + b2 * 8 + b3 * 11;

%
%
%
%
%

c1 -> b1
not c1 /\ c2 -> b2
.. -> b3
exactly one case
definition of x

Bounds propagation can immediately determine from the last equation that x
takes values in the range 0..24. A linear solver can immediately determine (using
the last two constraints) that x takes values in the range 5..11.
⊔
⊓
The example above shows that the linear translation can sometimes be much
stronger than the linearisation of the implication translation. The following theorem establishes that it is indeed never weaker.
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Theorem 4. Assuming all values in e are constant, the linear relaxation of
the linear translation of a conditional expression is no weaker than the linear
relaxation of the implication translation.
Proof. Given conditional expression ite(𝑐, 𝑒), the linearised implication translation 𝐼 is
𝑥 − 𝑒𝑖 ≥ (1 − 𝑏𝑖 )(𝑙𝑏(𝑥) − 𝑒𝑖 ), 1 ≤ 𝑖 ≤ 𝑚
𝑥 − 𝑒𝑖 ≤ (1 − 𝑏𝑖 )(𝑢𝑏(𝑥) − 𝑒𝑖 ), 1 ≤ 𝑖 ≤ 𝑚
∑︀𝑖−1
𝑗=1 𝑐𝑗 + (1 − 𝑐𝑖 ) + 𝑏𝑖 ≥ 1, 1 ≤ 𝑖 ≤ 𝑚
where 𝑙𝑏(𝑥) is the lower bound on the possible values variable 𝑥 can take known
at compile time, and similarly 𝑢𝑏(𝑥) is the upper bound. For this expression we
know that 𝑙𝑏(𝑥) ≤ min(𝑒) and 𝑢𝑏(𝑥) ≥ max(𝑒). In fact we would usually set these
to be equalities.
The linear translation 𝐿 is
∑︀𝑖−1
𝑐𝑗 + (1 − 𝑐𝑖 ) + 𝑏𝑖 ≥ 1, 1 ≤ 𝑖 ≤ 𝑚
∑︀𝑗=1
𝑚
𝑏𝑗 = 1
𝑗=1
∑︀𝑚
𝑥 = 𝑗=1 𝑏𝑗 𝑒𝑗
Both translations (implicitly) includes the bounds constraints 0 ≤ 𝑐𝑗 ≤ 1, 1 ≤
𝑗 ≤ 𝑚 and 0 ≤ 𝑏𝑗 ≤ 1, 1 ≤ 𝑗 ≤ 𝑚. Given a real solution 𝜃 to 𝐿 we show it is
also a solution 𝐼. Clearly the shared implication constraints in 𝐼 hold.
Suppose to the contrary that a constraint 𝑥 − 𝑒𝑖 ≥ (1 − 𝑏𝑖 )(𝑙𝑏(𝑥) − 𝑒𝑖 ) does
not hold. First if 𝑒𝑖 = 𝑙𝑏(𝑥) then this must hold, since it becomes 𝑥 − 𝑙𝑏(𝑥) ≥ 0
which is always true. So 𝑙𝑏(𝑥) < 𝑒∑︀
𝑖 . Hence for the constraint
∑︀𝑚 not to hold 𝑥 − 𝑒𝑖 <
𝑚
(1 − 𝑏𝑖 )(𝑙𝑏(𝑥) − 𝑒𝑖 ). Now given
𝑏
=
1
∧
𝑥
=
𝑗
𝑗=1
𝑗=1 𝑏𝑖 𝑒𝑖 , let’s make the
smallest possible value 𝑥 of 𝑥 under the circumstances 𝑥 = 𝑏𝑖 𝑒𝑖 + (1 − 𝑏𝑖 ) min(𝑒).
Substituting above we get 𝑏𝑖 𝑒𝑖 + (1 − 𝑏𝑖 ) min(𝑒) − 𝑒𝑖 < (1 − 𝑏𝑖 )(𝑙𝑏(𝑥) − 𝑒𝑖 ) or
equivalently (1 − 𝑏𝑖 )(min(𝑒) − 𝑒𝑖 ) < (1 − 𝑏𝑖 )(𝑙𝑏(𝑥) − 𝑒𝑖 ). Since 𝑙𝑏(𝑥) ≤ min(𝑒),
we have a contradiction. The case for 𝑥 − 𝑒𝑖 ≤ (1 − 𝑏𝑖 )(𝑢𝑏(𝑥) − 𝑒𝑖 ) is analogous.
Hence any solution 𝜃 of 𝐿 is a solution of 𝐼.
⊔
⊓
Since the linear translation is not worthwhile unless all the e expressions are
fixed we do not need to extend it to handle undefinedness.

6

Improving “Procedural” Code

Many non-expert users of MiniZinc make heavy use of the conditional statement,
since they are familiar with it from procedural programming. This section shows
that reformulating the procedural style can lead to improved propagation when
the element translation is used.
Example 7. Consider the constraint
if c1 then x = 5 elseif c2 then x = 8 else x = 11 endif;
The resulting element translation is

Compiling Conditional Constraints
constraint
constraint
constraint
constraint
constraint
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b1 <-> x = 5;
b2 <-> x = 8;
b3 <-> x = 11;
maximum_arg([c1,c2,true],j);
true = [b1,b2,b3][j];

Initially a CP solver will be able to propagate no information. But consider the
equivalent expression
constraint x = if c1 then 5 elseif c2 then 8 else 11 endif;

discussed in Example 5. Using the element translation the solver will immediately
propagate that the domain of x is {5, 8, 11}.
The linear translation of the original form above is the same as shown in Example 5. The linear relaxation of this system does not constrain x more than its
original bounds 0..100. The linear relaxation of the translation of the equivalent
expression discussed in Example 6 enforces that x is in the range 5..11.
⊔
⊓
We can define a transformation for arbitrary conditional expressions that
share at least some equational constraints for the same variable. This is a very
common modelling pattern for inexperienced modellers. Consider the constraint
if x =
elseif
elseif
else x

0 then
x <= l
x <= u
>= y +

y = 0 /\ z = 0
then y = l /\ z = x
then y = x /\ z = u
z endif

In most cases the conditional (conjunctively) defines values for y and z. To
compile this efficiently we can in effect duplicate the conditional structure to
give separate partial definitions of y, z and any leftover constraints.
y = if
z = if
if x =
else x

x=0 then 0 elseif x<=l then l elseif x<=u then x else y endif /\
x=0 then 0 elseif x<=l then x elseif x<=u then u else z endif /\
0 then true elseif x<=l then true elseif x<=u then true
>= y + z endif

When translating the result using the element translation we can reuse the
maximum_arg computation for each part, arriving at
var 1..4: j;
constraint maximum_arg([x = 0, x <= l, x <= u, true], j);
constraint y = [0,l,x,y][j];
constraint z = [0,x,u,z][j];
constraint true = [true,true,true,x >= y+z][j];

We can show that lifting the equalities out of an if-then-else expression can
only improve propagation. The theorem assumes that each branch has an equality for variable x, if this is not the case we can add the equation x = x to give
the right syntactic form.
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Theorem 5. Using the element translation for a conditional constraint of the
form ite(𝑐, [𝑥 = 𝑒𝑥1 ∧ 𝑟1 , 𝑥 = 𝑒𝑥2 ∧ 𝑟2 , . . . 𝑥 = 𝑒𝑥𝑚 ∧ 𝑟𝑚 ]) and the equivalent
constraint 𝑥 = ite(𝑐, [𝑒𝑥1 , 𝑒𝑥2 , ..., 𝑒𝑥𝑚 ]) ∧ ite(𝑐, [𝑟1 , 𝑟2 , . . . , 𝑟𝑚 ], then the second
form propagates at least as much.
Proof. The translation of the first expression is
constraint
constraint
constraint
constraint
constraint
..
constraint
constraint
constraint

maximum_arg(c, j);
true = [ b1, b2, ..., bm][j];
b1 <-> b11 /\ b12;
b11 <-> x = ex1;
b12 <-> r1;
bm <-> bm1 /\ bm2;
bm1 <-> x = exm;
bm2 <-> rm;

while the second expression translates to
constraint
constraint
constraint
constraint
constraint
..
constraint

maximum_arg(c, j);
x = [ ex1, ex2, ..., exm ][j];
true = [ b12, b22, ..., bm2][j];
b12 <-> r1;
b22 <-> r3;
bm2 <-> rm;

Since the translation treats them the same there can be no difference in the
propagation of maximum_arg or constraints defining b12, b22, . . . bm2.
Suppose the constraint true = [b1, b2, ..., bm][j] removes the 𝑖th value
for j. Then bi is false. Hence either bi1 or bi2 is false. If bi1 is false it must
be that we can determine that x ̸= exi. In this case the (domain consistent)
element constraint in the second model will propagate that j is not equal to 𝑖.
Otherwise if bi2 is false, then the same propagation occurs in the second model.
Suppose the first model propagates to change the domain of x. Then some
bi1 must be true and the propagation results from x = exi. This can only occur
if bi is true, which can only occur if j is fixed to 𝑖. But if j = i then the element
constraint on x in the second model will propagate x = exi.
⊔
⊓

7

Experimental Evaluation

This section presents an evaluation of the different approaches to compiling
conditionals using an artificial unit test and a more natural model of a problem
that uses conditionals.
All experiments were run on an Intel Core i7 processor at 4 GHz with 16
GB of RAM. The models were compiled with current development versions of
MiniZinc (revision e1d9d10), Gecode (revision b3fceb0) and Chuffed (revision
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b74a2d7), CBC version 2.9.8/1.16.10 and CPLEX version 12.8.0. The solvers
were run in single-core mode with a time out of 120 seconds. All models use
fixed search for CP solvers so that the differences for traditional CP solvers only
arise from differences in propagation, in learning solvers differences also arise
from different learning. For the MIP solvers CBC and CPLEX, presolving was
switched off to improve consistency of results.

7.1

Unit Tests

Let 𝜋 be a sorted sequence of 4𝑛 distinct integers in the range 0 . . . 100𝑛, with
𝜋(𝑖) denoting the 𝑖th integer in the sequence. We build a (procedural) constraint
system consisting of two ite constraints (the ++ operator stands for array concatenation):
ite([𝑥 ≤ 𝜋(4𝑖 − 3)|𝑖 ∈ 1..𝑛 − 1]++[true], [𝑦 = 𝜋(4𝑖 − 2)|𝑖 ∈ 1..𝑛])
ite([𝑦 ≤ 𝜋(4𝑖 − 1)|𝑖 ∈ 1..𝑛 − 1]++[true], [𝑦 = 𝜋(4𝑖)|𝑖 ∈ 1..𝑛 − 1]++[0])
By definition the first constraint implies 𝑦 > 𝑥 unless 𝑥 > 𝜋(4𝑛 − 7) then
𝑦 = 𝜋(4𝑛 − 2). The second constraint implies 𝑥 > 𝑦 unless 𝑦 > 𝜋(4𝑛 − 5)
then 𝑥 = 0. Together these are unsatisfiable. We also consider the equivalent
functional form
𝑦 = ite([𝑥 ≤ 𝜋(4𝑖 − 3)|𝑖 ∈ 1..𝑛 − 1]++[true], [𝜋(4𝑖 − 2)|𝑖 ∈ 1..𝑛])
𝑥 = ite([𝑦 ≤ 𝜋(4𝑖 − 1)|𝑖 ∈ 1..𝑛 − 1]++[true], [𝜋(4𝑖)|𝑖 ∈ 1..𝑛 − 1]++[0])
Table 1 compares the Gecode and Chuffed CP solvers on five different versions: → is the implication translation (which is identical for both forms); [] is the
element translation of the procedural form with domain consistent maximum_arg
decomposition; []𝑃 is the element translation of the procedural form with domain consistent maximum_arg propagator; 𝑥 = [] is the element translation of
the functional form with domain consistent maximum_arg decomposition; and
𝑥 = []𝑃 is the element translation of the functional form with domain consistent maximum_arg propagator; A — indicates 120s timeout reached. The results
demonstrate the clear benefits of the mapping from procedural form to functional form, and the benefit of the element translation, in particular with a
global propagator for maximum_arg over the implication form.
Table 2 shows the results of the MIP solvers of the functional form of the
model with: → linearisation of the implication translation; 𝑥 = []∑︀
linearisation
of the element translation with decomposed maximum_arg; and
the direct
linearisation defined in Section 5.4. Note here we cannot control the search, so
that there may be more variance in results due to other factors. The linearisation of the implication translation is generally better than the linearisation of
the element translation, since the maximum_arg decomposition makes the whole
thing much more complex. The direct linear translation is substantially better
and much more scalable.
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Table 1: Unit testing for the Gecode and Chuffed CP solvers.
Gecode
Chuffed
𝑛
→
[] []𝑃 𝑥 = [] 𝑥 = []𝑃
→
[] []𝑃 𝑥 = [] 𝑥 = []𝑃
25 0.07 0.06 0.05 0.06
0.06 0.07 0.07 0.06 0.05 0.05
50 0.06 0.07 0.05 0.06 0.05 0.08 0.08 0.08 0.06 0.05
100 0.21 0.15 0.22 0.24 0.05 0.10 0.10 0.07 0.17 0.05
200 0.15 0.15 0.07 0.13 0.05 0.17 0.17 0.08 0.14 0.05
400 0.38 0.33 0.09 0.30 0.06 0.42 0.36 0.11 0.31 0.07
800 1.43 1.12 0.21 1.03 0.08 1.43 0.98 0.17 1.03 0.09
1600 5.11 3.08 0.24 3.24 0.12 5.40 3.68 0.27 3.39 0.15
3200 26.23 12.92 0.44 12.78 0.19 26.29 13.53 0.53 13.70 0.23
6400
— 67.39 3.78 72.43 0.39
— 60.54 1.97 60.64 0.52
Table 2: Unit testing for the CBC and CPLEX MIP solvers.
CBC
CPLEX ∑︀
∑︀
𝑛
→ 𝑥 = []
→ 𝑥 = []
25 0.21 1.84 0.06 1.41 0.19 0.05
50 0.27 1.68 0.08 0.22 0.37 0.07
100 0.95 13.08 0.17 0.71 1.16 0.12
200 4.69 48.92 0.38 3.90 4.52 0.30
400 40.99
— 1.27 38.62 17.12 1.01
800
—
— 5.34
— 71.97 3.94
1600
—
— 20.51
—
— 18.76
3200
—
— 94.75
—
— 70.37

7.2

Fox-Geese-Corn

To study the effects of different translations on a more realistic model, we consider a generalisation of the classic Fox-Geese-Corn puzzle, where a farmer needs
to transport goods from one side of a river to the other side in several trips. It
contains several rules such as “When the farmer leaves some foxes and geese
alone on one side of the river, and there are more foxes than geese, one fox dies
in argument over geese, and no geese die; if there are no more foxes than geese,
each fox eats a goose.” The overall goal is to maximise the farmer’s profit of
goods successfully transported across.6
The most natural way of modelling this problem follows the structure of the
specification, using conditionals to constrain state variables for each time point
and type of object. We manually analysed models written by students and submitted as part of an online assignment for the Coursera course Modeling Discrete
Optimization, which ran from 2015–2018. We have identified a number of different modelling approaches based on conditional expressions. Almost all students
use the “procedural” syntax. In general, the constraints take the form such as
if cond then geese[i+1]=geese[i]-c elseif ... endif, where geese[i]
is the number of geese at step i, cond specifies the condition from the rules, and
6

See https://github.com/minizinc/minizinc-benchmarks.
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c is a constant (e.g. 1 in the case that one goose dies) or a variable (e.g. fox[i]
in the case that each fox eats one goose). We manually performed the conversion
into expression form such as geese[i+1] = if cond then geese[i]-c elseif
... endif and call this Model 1.
Several students described all cases explicitly in the conditions, not noticing
that the case distinction is in fact exhaustive. For example, they might have
written if cond1 then geese[i+1]=geese[i]-c elseif not cond then
geese[i+1]=geese[i] else true endif, instead of the simpler if cond then
geese[i+1]=geese[i]-c else geese[i+1]=geese[i] endif. The resulting expression form, which we call Model 2, would contain the less compact
geese[i+1]=if cond then geese[i]-c elseif not cond then geese[i]
else geese[i+1] endif.
Table 3 shows the results for the two models on ten instances, with the implication
(→) and element (𝑥 = []𝑃 ) encoding, and the additional linear encoding
∑︀
( ) for CPLEX. A number without superscript represents time in seconds for
finding the optimal solution and proving optimality. For cases where search timed
out, a number with superscript (e.g. 1.75 120 ) represents the time when the best
solution was found (1.75 seconds) and the objective value of the best solution
found (120). The last line in each table summarises the results for each solver:
for a given solver, an encoding wins for an instance if it proves optimality faster
than the other encoding(s), or if neither encoding proves optimality, if it finds a
better solution, or the same objective but faster. A — represents that no solution
was found within the 120 second timeout. Numbers in bold indicate the winning
model (highest objective found in least amount of time) for each solver.
In more complex models the relative performances of the different encodings
are less distinct. For Gecode the 𝑥 = []𝑃 version continues to be superior, for
Chuffed the → version is more competitive because it can learn on intermediate
literals. Surprisingly for CPLEX the 𝑥 = [] translation is usually better than
the implication translation and overall best for Model 1. For Model 2 the 𝛴
translation is strongest even though in this case the 𝑒 arguments are not fixed.
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Conclusion

Conditional expressions are one of the most expressive constructs that appear in
modelling languages, allowing natural expression of complex constraints. They
are also frequently used by beginner modellers used to thinking procedurally.
In this paper we show how to translate conditional expressions to a form that
underlying solvers can handle efficiently. Unit tests clearly demonstrate the improvements from new translations, though this is not so clear on more complex
models, where other factors interact with the translations. The concepts presented here are available in MiniZinc 2.3.0, Gecode 6.2.1, and Chuffed 0.10.5.
Acknowledgements We would like to thank the anonymous reviewers for their
comments that helped improve this paper. This work was partly sponsored by
the Australian Research Council grant DP180100151.
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1
2
3
4
5
6
7
8
9
10
Wins

1
2
3
4
5
6
7
8
9
10
Wins

Table 3: Fox-Geese-Corn
Model 1 (exhaustive conditional):
Gecode
Chuffed
→ 𝑥 = []𝑃
→ 𝑥 = []𝑃
→
0.16
0.16
0.10
0.06
1.86
0.53
0.42
0.12
0.13
0.92
1.75120 1.39120 7.18148 8.70148 95.46112
0.79
0.64
0.34
0.25
0.45
113.5338 102.1640 97.9752 86.3852
48.0140
116.9164 91.8964 90.2971 103.4571 106.7071
72.36
61.35
1.50
1.55
6.63
88.34
75.29
2.43
2.27
10.61
24.6172 19.3972 84.65130 43.01130 93.49116
0.52140 0.40140 81.76280 77.41280 36.82219
0
9
4
6
1

CPLEX
∑︀
𝑥 = []
1.74
0.22
0.76
0.67
50.57141 11.92132
0.28
0.29
105.1446 86.3544
118.1271 19.2269
1.73
2.46
4.13
6.16
57.06 58.58128
116.24430 115.81391
7
2

Model 2 (additional else true case):
Gecode
Chuffed
CPLEX
→ 𝑥 = []𝑃
→ 𝑥 = []𝑃
→
𝑥 = []
0.16
0.06
0.10
0.07
1.76
0.41
0.13
0.11
0.10
0.10
0.90
0.79
0.1575
0.1575 3.16148 3.54148 45.76142 15.16148
0.14
0.12
0.11
0.12
0.53
0.60
0.2114
0.1614 39.6252 57.6152 109.0332 118.0947
0.1321
0.1021 48.0671 49.8471
12.6567 111.2965
3.09
2.56
0.29
0.32
2.55
2.77
1.90
1.47
0.24
0.20
1.30
1.37
0.1529
0.1229 55.69130 54.68130 64.47130 51.36132
0.34112 0.25112 21.46350 22.62350
— 51.92419
0
9
6
3
2
3

∑︀
0.28
0.96
82.25143
0.33
23.2224
14.1370
2.69
1.33
36.42132
75.52525
5
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Appendix: Proofs

Theorem 1. The element translation of ite is domain consistent, assuming
domain propagation of the primitive constraints.
Proof. The two components x = e[m] (or equivalently element(m,e,x)) and
maximum_arg(c,m) share only one variable hence the conjunction of their domain
consistent propagators is domain consistent [3].
Theorem 2. The decomposition of maximum_arg above maintains domain consistency in the case where the maximum is known.
Proof. Given domain 𝐷 which is a fixpoint of the propagators of the decomposition, we show that it provides a supporting solution of the maximum_arg
constraint for each value remaining in the domain.
Suppose ubx ∈ 𝐷(𝑥[𝑘]), we construct a solution 𝜃 ∈ 𝐷 of maximum_arg.
Let 𝑘 ′ be the least value where ubx ∈ 𝐷(𝑥[𝑘 ′ ]). Such a value always exists.
Clearly 𝑘 ≥ 𝑘 ′ . We claim that 𝜃 = {𝑖 ↦→ 𝑘 ′ , 𝑥[𝑘] ↦→ ubx , 𝑥[𝑘 ′ ] ↦→ ubx , 𝑥[𝑗] ↦→
min(𝐷(𝑥[𝑗]), 1 ≤ 𝑗 ̸= 𝑘 ′ ̸= 𝑘 ≤ 𝑚} is a solution in 𝐷. Suppose 𝑘 ′ ̸∈ 𝐷(𝑖)
then since it is the least index which can take the upper bound we have that
𝑑[𝑗] = false for all 𝑗 < 𝑘 ′ . Then not d[k’-1] -> i >= k’ propagates that
𝑖 ≥ 𝑘 ′ . But since 𝑖 ̸= 𝑘 ′ we have that 𝑖 > 𝑘 ′ and hence x[k’] = ubx -> i <=
k’ propagates that ubx ̸∈ 𝐷(𝑥[𝑘 ′ ]), which contradicts our assumption. Hence
𝑘 ′ ∈ 𝐷(𝑖). Now either 𝑘 = 𝑘 ′ or 𝑘 < 𝑘 ′ and in both cases 𝜃 is a solution.
Suppose 𝑑 ∈ 𝐷(𝑥[𝑘]) ̸= ubx . We construct a solution 𝜃 ∈ 𝐷 of maximum_arg.
Let 𝑘 ′ be the least value where ubx ∈ 𝐷(𝑥[𝑘 ′ ]). If 𝑘 ̸= 𝑘 ′ we claim that 𝜃 =
{𝑖 ↦→ 𝑘 ′ , 𝑥[𝑘 ′ ] ↦→ ubx , 𝑥[𝑘] ↦→ 𝑑, 𝑥[𝑗] ↦→ min(𝐷(𝑥[𝑗]), 1 ≤ 𝑗 ̸= 𝑘 ′ ̸= 𝑘 ≤ 𝑚}
is a solution in 𝐷. The argument why 𝑘 ′ ∈ 𝐷(𝑖) is the same as above. Hence
𝜃 is a solution of the constraint. If 𝑘 = 𝑘 ′ then 𝑘 ′′ be the least value in 𝐷(𝑖)
where 𝐷(𝑥[𝑘 ′′ ]) = {ubx } if one exists. Clearly 𝑘 ′′ > 𝑘 and 𝜃 = {𝑖 ↦→ 𝑘 ′′ , 𝑥[𝑘 ′′ ] ↦→
true, 𝑥[𝑘] ↦→ false, 𝑥[𝑗] ↦→ min(𝐷(𝑥[𝑗]), 1 ≤ 𝑗 ̸= 𝑘 ′′ ̸= 𝑘 ≤ 𝑚} is a solution in 𝐷 If
no such 𝑘 ′′ exists let let 𝑘 ′′′ be the greatest value in 𝐷(𝑖) where ubx ∈ 𝐷(𝑥[𝑘 ′′′ ]).
If 𝑘 = 𝑘 ′′′ then since it is the only possibly index that can take the value 𝑢𝑏𝑥
we have that 𝑑[𝑘] is forced true by the propagation of the upper bounds, and
𝑑[𝑘 −1] is forced false by the definition. This forces that 𝑥[𝑘] = 𝑢𝑏𝑥 contradicting
the assumption. Otherise if 𝑘 < 𝑘 ′′ then we claim that 𝜃 = {𝑖 ↦→ 𝑘 ′′′ , 𝑥[𝑘 ′′′ ] ↦→
ubx , 𝑥[𝑘] ↦→ 𝑑, 𝑥[𝑗] ↦→ min(𝐷(𝑥[𝑗]), 1 ≤ 𝑗 ̸= 𝑘 ′′′ ̸= 𝑘 ≤ 𝑚} is a solution in 𝐷
because 𝑘 ′′′ is chosen to be in 𝐷(𝑖), and no min(𝐷(𝑥[𝑗]) = ubx by construction.
Suppose 𝑘 ∈ 𝐷(𝑖). We construct a solution 𝜃 ∈ 𝐷 of the constraint where
𝑖 = 𝑘. We claim that 𝜃 = {𝑖 ↦→ 𝑘, 𝑥[𝑘] ↦→ ubx , 𝑥[𝑗] ↦→ min(𝐷[𝑥[𝑗]), 1 ≤ 𝑗 ̸=
𝑘 ≤ 𝑚} is a solution of the constraint in 𝐷. Suppose ubx ̸∈ 𝐷(𝑥[𝑘]) then
x[i] = ubx would propagate 𝑖 ̸= 𝑘, contradicting our assumptions. Suppose
𝜃(𝑥[𝑗]) = ubx , 𝑗 < 𝑘. Then 𝐷(𝑥[𝑗]) = {ubx } since we picked the minimum value
and hence x[j] = ubx -> i <= j would propagate, making 𝑘 > 𝑗 ̸∈ 𝐷(𝑖),
again leading to a contradiction. Hence 𝜃 is a solution of the constraint.
Since every value in the domain 𝐷 is supported by a solution 𝜃 of the constraint in 𝐷, the decomposition enforces domain consistency.
⊔
⊓
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Theorem 3. The index_of_first_true propagator enforces domain consistency
for maximum_arg(𝑥, 𝑖) when the max is known to be true.

Proof. Given domain 𝐷 which is a result of running the propagator, we show
that it provides a supporting solution of the maximum_arg constraint for each
value remaining in the domain.
Suppose true ∈ 𝐷(𝑥[𝑘]), we construct a solution 𝜃 ∈ 𝐷 of maximum_arg.
Let 𝑘 ′ be the least value where true ∈ 𝐷(𝑥[𝑘 ′ ]). Such a value always exists.
Clearly 𝑘 ≥ 𝑘 ′ . We claim that 𝜃 = {𝑖 ↦→ 𝑘 ′ , 𝑥[𝑘] ↦→ true, 𝑥[𝑘 ′ ] ↦→ true, 𝑥[𝑗] ↦→
min(𝐷(𝑥[𝑗]), 1 ≤ 𝑗 ̸= 𝑘 ′ ̸= 𝑘 ≤ 𝑚} is a solution in 𝐷. Suppose 𝑘 ′ ̸∈ 𝐷(𝑖)
then since it is the least index which can take the upper bound we have that
𝐷(𝑥[𝑗]) = {false} for all 𝑗 < 𝑘 ′ . Hence the propagator computes 𝑙 = 𝑘 ′ in the
loop and must propagate that 𝑖 ̸= 𝑗, 𝑗 < 𝑘 ′ . After the loop it propagates that
𝑖 ≥ 𝑘 ′ , but since 𝑘 ′ ̸∈ 𝐷(𝑖) this makes 𝑙𝑏(𝑖) > 𝑘 ′ . Then in the last loop the
propagator will assert ¬𝑥[𝑘 ′ ] contradicting the assumption that true ∈ 𝐷(𝑥[𝑘 ′ ]).
Suppose false ∈ 𝐷(𝑥[𝑘]). We construct a solution 𝜃 ∈ 𝐷 of maximum_arg. Let
𝑘 ′ be the least value where true ∈ 𝐷(𝑥[𝑘 ′ ]). If 𝑘 ′ ̸= 𝑘 then we claim that 𝜃 =
{𝑖 ↦→ 𝑘 ′ , 𝑥[𝑘 ′ ] ↦→ true, 𝑥[𝑘] ↦→ false, 𝑥[𝑗] ↦→ min(𝐷(𝑥[𝑗]), 1 ≤ 𝑗 ̸= 𝑘 ′ ̸= 𝑘 ≤ 𝑚}
is a solution in 𝐷. The argument why 𝑘 ′ ∈ 𝐷(𝑖) is the same as above. Hence 𝜃
is a solution of the constraint. If 𝑘 = 𝑘 ′ then let 𝑘 ′′ be the least value in 𝐷(𝑖)
where 𝐷(𝑥[𝑘 ′′ ]) = true. If it exists then clearly 𝑘 ′′ > 𝑘 and 𝜃 = {𝑖 ↦→ 𝑘 ′′ , 𝑥[𝑘 ′′ ] ↦→
true, 𝑥[𝑘] ↦→ false, 𝑥[𝑗] ↦→ min(𝐷(𝑥[𝑗]), 1 ≤ 𝑗 ̸= 𝑘 ′′ ̸= 𝑘 ≤ 𝑚} is a solution in
𝐷 If such a 𝑘 ′′ does not exists then let 𝑘 ′′′ be the greatest value in 𝐷(𝑖) where
true ∈ 𝐷(𝑥[𝑘 ′′′ ]). If 𝑘 = 𝑘 ′′′ then the propagator will set 𝑖 ̸= 𝑗 for all 𝑗 > 𝑘 and
this will propagate that 𝑖 = 𝑘, and this will then propagate that 𝑥[𝑘] = true
contradicting our assumption. Otherwise if 𝑘 < 𝑘 ′′′ then we claim that 𝜃 = {𝑖 ↦→
𝑘 ′′′ , 𝑥[𝑘 ′′′ ] ↦→ true, 𝑥[𝑘] ↦→ false, 𝑥[𝑗] ↦→ min(𝐷(𝑥[𝑗]), 1 ≤ 𝑗 ̸= 𝑘 ′′′ ̸= 𝑘 ≤ 𝑚} is a
solution in 𝐷 because 𝑘 ′′ is chosen to be in 𝐷(𝑖), and min(𝐷(𝑥[𝑗])) = false for
all 𝑗 ̸= 𝑘, 𝑗 ̸= 𝑘 ′′′ since there is no index which is forced to be true.
Suppose 𝑘 ∈ 𝐷(𝑖). We construct a solution 𝜃 ∈ 𝐷 of the constraint where
𝑖 = 𝑘. We claim that 𝜃 = {𝑖 ↦→ 𝑘, 𝑥[𝑘] ↦→ true, 𝑥[𝑗] ↦→ min(𝐷[𝑥[𝑗]), 1 ≤ 𝑗 ̸=
𝑘 ≤ 𝑚} is a solution of the constraint in 𝐷. Suppose true ̸∈ 𝐷(𝑥[𝑘]) then the
propagator will propagate 𝑖 ̸= 𝑘 is the loop over domain values of 𝑖, contradicting
our assumptions. Suppose 𝜃(𝑥[𝑗 ′ ]) = true, 𝑗 ′ < 𝑘. Then 𝐷(𝑥[𝑗 ′ ]) = {true} since
we picked the minimum value and hence the loop will break with 𝑗 = 𝑗 ′ and
the propagator will assert that 𝑖 ≤ 𝑗 ′ < 𝑘, contradicting our assumption that
𝑘 ∈ 𝐷(𝑖) Hence 𝜃 is a solution of the constraint.
Since every value in the domain 𝐷 is supported by a solution 𝜃 of the constraint in 𝐷, the decomposition enforces domain consistency.
⊔
⊓

Theorem 4. Assuming all values in e are constant, the linear relaxation of
the linear translation of a conditional expression is no weaker than the linear
relaxation of the implication translation.
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Proof. Given conditional expression ite(𝑐, 𝑒), the linearised implication translation 𝐼 is
𝑥 − 𝑒𝑖 ≥ (1 − 𝑏𝑖 )(𝑙𝑏(𝑥) − 𝑒𝑖 ), 1 ≤ 𝑖 ≤ 𝑚
𝑥 − 𝑒𝑖 ≤ (1 − 𝑏𝑖 )(𝑢𝑏(𝑥) − 𝑒𝑖 ), 1 ≤ 𝑖 ≤ 𝑚
∑︀𝑖−1
𝑗=1 𝑐𝑗 + (1 − 𝑐𝑖 ) + 𝑏𝑖 ≥ 1, 1 ≤ 𝑖 ≤ 𝑚
where 𝑙𝑏(𝑥) is the lower bound on the possible values variable 𝑥 can take known
at compile time, and similarly 𝑢𝑏(𝑥) is the upper bound. For this expression we
know that 𝑙𝑏(𝑥) ≤ min(𝑒) and 𝑢𝑏(𝑥) ≥ max(𝑒). In fact we would usually set
these to be equalities.
The linear translation 𝐿 is
∑︀𝑖−1
𝑐𝑗 + (1 − 𝑐𝑖 ) + 𝑏𝑖 ≥ 1, 1 ≤ 𝑖 ≤ 𝑚
∑︀𝑗=1
𝑚
𝑏𝑗 = 1
𝑗=1
∑︀𝑚
𝑥 = 𝑗=1 𝑏𝑗 𝑒𝑗
Both translations (implicitly) includes the bounds constraints 0 ≤ 𝑐𝑗 ≤ 1, 1 ≤
𝑗 ≤ 𝑚 and 0 ≤ 𝑏𝑗 ≤ 1, 1 ≤ 𝑗 ≤ 𝑚. Given a real solution 𝜃 to 𝐿 we show it is
also a solution 𝐼. Clearly the shared implication constraints in 𝐼 hold.
Suppose to the contrary that a constraint 𝑥 − 𝑒𝑖 ≥ (1 − 𝑏𝑖 )(𝑙𝑏(𝑥) − 𝑒𝑖 ) does
not hold. First if 𝑒𝑖 = 𝑙𝑏(𝑥) then this must hold, since it becomes 𝑥 − 𝑙𝑏(𝑥) ≥ 0
which is always true. So 𝑙𝑏(𝑥) < 𝑒∑︀
𝑖 . Hence for the constraint
∑︀𝑚 not to hold 𝑥 − 𝑒𝑖 <
𝑚
(1 − 𝑏𝑖 )(𝑙𝑏(𝑥) − 𝑒𝑖 ). Now given 𝑗=1 𝑏𝑗 = 1 ∧ 𝑥 =
𝑗=1 𝑏𝑖 𝑒𝑖 , let’s make the
smallest possible value 𝑥 of 𝑥 under the circumstances 𝑥 = 𝑏𝑖 𝑒𝑖 + (1 − 𝑏𝑖 ) min(𝑒).
Substituting above we get 𝑏𝑖 𝑒𝑖 + (1 − 𝑏𝑖 ) min(𝑒) − 𝑒𝑖 < (1 − 𝑏𝑖 )(𝑙𝑏(𝑥) − 𝑒𝑖 ) or
equivalently (1 − 𝑏𝑖 )(min(𝑒) − 𝑒𝑖 ) < (1 − 𝑏𝑖 )(𝑙𝑏(𝑥) − 𝑒𝑖 ). Since 𝑙𝑏(𝑥) ≤ min(𝑒),
we have a contradiction. The case for 𝑥 − 𝑒𝑖 ≤ (1 − 𝑏𝑖 )(𝑢𝑏(𝑥) − 𝑒𝑖 ) is analogous.
Hence any solution 𝜃 of 𝐿 is a solution of 𝐼.
⊔
⊓

Theorem 5. Using the element translation for a conditional constraint of the
form ite(𝑐, [𝑥 = 𝑒𝑥1 ∧ 𝑟1 , 𝑥 = 𝑒𝑥2 ∧ 𝑟2 , . . . 𝑥 = 𝑒𝑥𝑚 ∧ 𝑟𝑚 ]) and the equivalent
constraint 𝑥 = ite(𝑐, [𝑒𝑥1 , 𝑒𝑥2 , ..., 𝑒𝑥𝑚 ]) ∧ ite(𝑐, [𝑟1 , 𝑟2 , . . . , 𝑟𝑚 ], then the second
form propagates at least as much.
Proof. The translation of the first expression is
constraint
constraint
constraint
constraint
constraint
..
constraint
constraint
constraint

maximum_arg(c, j);
true = [ b1, b2, ..., bm][j];
b1 <-> b11 /\ b12;
b11 <-> x = ex1;
b12 <-> r1;
bm <-> bm1 /\ bm2;
bm1 <-> x = exm;
bm2 <-> rm;

while the second expression translates to
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constraint
constraint
constraint
constraint
constraint
..
constraint
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maximum_arg(c, j);
x = [ ex1, ex2, ..., exm ][j];
true = [ b12, b22, ..., bm2][j];
b12 <-> r1;
b22 <-> r3;
bm2 <-> rm;

Since the translation treats them the same there can be no difference in the
propagation of maximum_arg or constraints defining b12, b22, . . . bm2.
Suppose the constraint true = [b1, b2, ..., bm][j] removes the 𝑖th value
for j. Then bi is false. Hence either bi1 or bi2 is false. If bi1 is false it must
be that we can determine that x ̸= exi. In this case the (domain consistent)
element constraint in the second model will propagate that j is not equal to 𝑖.
Otherwise if bi2 is false, then the same propagation occurs in the second model.
Suppose the first model propagates to change the domain of x. Then some
bi1 must be true and the propagation results from x = exi. This can only occur
if bi is true, which can only occur if j is fixed to 𝑖. But if j = i then the element
constraint on x in the second model will propagate x = exi.
⊔
⊓

